By defining a prepotential function for the stationary Schrödinger equation we derive an inversion formula for the space variable x as a function of the wave-function ψ. The resulting equation is a Legendre transform that relates x, the prepotential F, and the probability density. We invert the Schrödinger equation to a third-order differential equation for F and observe that the inversion procedure implies a x-ψ duality. This phenomenon is related to a modular symmetry due to the superposition of the solutions of the Schrödinger equation. We propose that in quantum mechanics the space coordinate can be interpreted as a macroscopic variable of a statistical system withh playing the role of a scaling parameter. We show that the scaling property of the space coordinate with respect to τ = ∂ 2 ψ F is determined by the "beta-function". We propose that the quantization of the inversion formula is a natural way to quantize geometry. *
In the last couple of years Seiberg-Witten theory [1] has shed new light on some aspects of quantum field theories. An important quantity in Seiberg-Witten theory is the prepotential denoted by F which is a holomorphic function of the chiral superfield Φ. This function fixes the low-energy effective dynamics. In terms of F we can express the dual variable Φ D and the effective coupling constant τ as first-and second-order derivatives with respect to Φ. The quantum moduli space of the theory is parameterized by the gauge invariant parameter u = Tr φ 2 , where φ is the scalar component of Φ. In Seiberg-Witten theory a method has been developed to invert the function a = a(u) to u = u(a) where a = φ [2] .
Borrowing from these ideas we derive a method to invert the Schrödinger wavefunction ψ = ψ(x) to x = x(ψ). In particular, we consider the one-dimensional stationary Schrödinger equation. Since this is a second-order differential equation, it has two linearly independent solutions. We define a "prepotential" F as function of the wave-function ψ in such a way that the dual variable ψ D = ∂F /∂ψ is a solution of the Schrödinger equation, linearly independent from ψ. By inverting the Schrödinger wave-function as a function of the space coordinate x, we find that the space coordinate is the Legendre transform of the prepotential F with respect to the probability density. We speculate that this relation indicates that in quantum mechanics the space should be interpreted as a macroscopic thermodynamical variable. The prepotential should then be interpreted as the function which describes the microscopic theory. An important aspect of our approach is that the prepotential and the space coordinate are dual quantities related by a Legendre transform. The quantum dynamics is now described by the prepotential which satisfies a third-order non-linear differential equation which replaces the Schrödinger equation.
Let us consider the one-dimensional Schrödinger equation
and denote by ψ E and ψ E D two linearly independent solutions of it. We now introduce the prepotential F E defined by
derivative of the prepotential with respect to x
where
D is the Wronskian of the solutions of Schrödinger equation (1) and ′ ≡ ∂ x denotes differentiation with respect to x. Since there is no first-order derivative term in Eq. (1), it follows that the Wronskian is a constant.
The crucial point is that Eq.(3) can be integrated exactly to
where c is a constant. Since by Eq.(2) F E is determined up to an additive constant we can set c = 0. The Wronskian can be fixed by a rescaling of ψ E D which is equivalent to a rescaling of
which we rewrite in the form
Eq.(6) implies that the classical coordinate is proportional to the Legendre transform of the prepotential with respect to ψ 2 E . Note that the duality property of the Legendre transform implies
and vice-versa.
In a quantum mechanical problem we can distinguish two cases depending on whether ψ E and ψ E are or are not linearly dependent functions. In the former case, without loss of generality, we can assume that ψ E is real. In this case the quantity ψ 2 E is nothing else but the (unnormalized) probability density. Therefore, in the case
with α a constant, Eq.(6) implies that the classical coordinate x is proportional to the Legendre transform of the prepotential with respect to the probability density.
Furthermore, by Eqs.(5,7) it follows that
That is, the space coordinate x is a sort of generating function for the probability density at x itself.
In the case
we first note that the reality of the Schrödinger operator implies that ψ E is a solution
Eq. (6) gives
implying that the probability density of finding the particle at the point x is proportional to x itself with an additive correction given by the prepotential.
The observation that the difference between √ 2m h x and F E coincides with the probability density is very intriguing. It may indicate that in quantum mechanics the space itself should be interpreted as a macroscopic thermodynamical quantity.
The information on the microscopic theory is encoded in the prepotential F E . This function plays a crucial role. This is evident if we note that quantum mechanics may be reformulated in terms of the relation (6), and with the Schrödinger equation replaced by
where x is given by Eq.(5). We observe that whereash appears in the Schrödinger equation, it does not appear explicitly in Eq.(11). Later we will considerh as the scale * Note that with this choice, in order to have W = −2
we should, without loss of generality, choose a normalization for ψ E itself.
of our statistical system. Eq.(11) is obtained from Eq. (1) and Eq. (5) by following the method introduced in [2, 3] . In particular, by inverting the Schrödinger equation for ψ E (x), we obtain the second-order non-linear differential equation for x(ψ E ):
Eq. (1) and Eq.(12) are another manifestation of classical-quantum duality which is more evident if we consider the expansions
where the coefficients α j and β k depend on V −E. This equation suggests considering the ψ E ↔ x duality as reminiscent of the "mirror symmetry phenomenon" first observed for Calabi-Yau threefolds. We note that a similar remark was made in 
By defining the vector
the transformation (15) can be written in the form
and
One can check that the relation (5) In analogy with Seiberg-Witten theory, we can interpreth as a parameter defining the scale of the theory corresponding to the scale Λ 2 in Seiberg-Witten theory. In particular, following the procedure introduced in [3] , we now perform some scaling analysis. The starting point is to consider the dimensionless quantity Kx/h where
For dimensional reasons we have
In the framework of our interpretation, we can considerh as a scale of a statistical system. Then, in this context, it makes sense to apply the operator h∂h,
Integrating (21) we get
That is, the space coordinate has an anomalous dimension determined by the "betafunction" (22). In this context we observe that the Heisenberg uncertainty principle depends on the scale ∆x∆p ≥h =h 0 + corrections.
We note that generalization of the Heisenberg uncertainty principle has been discussed in the context of different approaches to quantum gravity [5] .
Another aspect of the investigation which we would like to propose is that the inversion formula (5) suggests a possible link with the stochastic approach to quantum mechanics [6] .
We also note that similar investigations should be performed for other cases including the non stationary Schrhödinger equation in four dimensions, the KleinGordon and Dirac equations.
An additional aspect which should be investigated is the quantization of the relation (5). This should imply a sort of space and wave-function quantization.
In conclusion, we observe that starting from the inversion formula we arrived at a statistical interpretation of the space coordinate opening the way for a possible understanding of the link between space-time structure and the quantum theory. In particular, we stress that the inversion formula allows us to use
for connecting geometrical and quantum concepts.
In our interpretation the Schrödinger equation, and hence quantum mechanics, describes an effective thermodynamical theory. Then, in quantum mechanics, the space coordinate should be interpreted as a quantity which is part of a closed thermodynamical system. The implications of this interpretation may bring about a new deep understanding of the fundamental connection between geometry and quantum mechanics.
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